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Abstract
In this paper we study the Riesz transform on complete and connected Riemannian manifolds M with
a certain spectral gap in the L2 spectrum of the Laplacian. We show that on such manifolds the Riesz
transform is Lp bounded for all p ∈ (1,∞). This generalizes a result by Mandouvalos and Marias and
extends a result by Auscher, Coulhon, Duong, and Hofmann to the case where zero is an isolated point of
the L2 spectrum of the Laplacian.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main result
Investigations concerning the question whether the Riesz transform ∇−1/2 on a general
complete Riemannian manifold M is a bounded operator from Lp(M) to the space of Lp vec-
tor fields, 1 < p < ∞, have been started with the paper [15] by Strichartz (note that we denote
by ∇ the gradient and by  the Laplace–Beltrami operator on M). He proved in this paper
that the L2 Riesz transform is an isometry for any complete Riemannian manifold M and fur-
thermore, he showed boundedness on Lp , 1 < p < ∞, if M is a rank one symmetric space of
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38 L. Ji et al. / Bull. Sci. math. 134 (2010) 37–43non-compact type. In general however, the Riesz transform needs not be bounded for all p > 1,
see e.g. [7] where an example of a Riemannian manifold M is given such that the Riesz transform
is unbounded on Lp for all p > 2. Note that the Lp boundedness of the Riesz transform on a
Riemannian manifold is equivalent to the existence of a constant Cp > 0 such that
‖|∇f |‖Lp  Cp
∥∥1/2f ∥∥
Lp
for all f ∈ C∞0 (M) holds.
In [13] Mandouvalos and Marias studied the Riesz transform on certain locally symmetric
spaces. Inspired by their paper and [1] we show here how the Lp boundedness of the Riesz
transform for a larger class of connected Riemannian manifolds M can be obtained. Our only
assumptions are a certain spectral gap in the L2 spectrum of the Laplacian and the following
properties of M :
(1) The Riemannian manifold M satisfies the exponential growth property: For all r0 > 0,
x ∈ M , θ > 1, and 0 < r < r0 the volume V (x, r) of a ball with center x and radius r
satisfies
V (x, θr) CecθV (x, r) (1)
for some constants C  0, c > 0 that only depend on r0. Note that this condition implies the
local volume doubling property, cf. [1].
(2) If p(t, x, y) denotes the heat kernel of the heat semigroup e−t : L2(M) → L2(M) we
assume that there exists C > 0 such that for all x, y ∈ M and all t ∈ (0,1) we have
p(t, x, x) C
V (x,
√
t)
(2)
and
∣∣∇xp(t, x, y)∣∣ C√
t V (y,
√
t)
. (3)
More precisely, we prove the following theorem.
Theorem 1.1. Let M denote a complete and connected Riemannian manifold satisfying prop-
erties (1)–(3) from above, and assume that there is a constant a > 0 such that the following
condition for the L2 spectrum σ() of  holds:
σ() ⊂ {0} ∪ [a,∞).
Then there exist for any p ∈ (1,∞) constants cp,Cp > 0 such that
cp
∥∥1/2f ∥∥
Lp
 ‖|∇f |‖Lp  Cp
∥∥1/2f ∥∥
Lp
(4)
for any f ∈ C∞0 (M).
This result extends [1, Theorem 1.9]. The new feature is that we allow also 0 ∈ σ(). Note
that similar ideas as in our proof have been used in [7, Theorem 1.3]. Important examples for
manifolds that satisfy the conditions in Theorem 1.1 will be given in Section 2. Note, that prop-
erties (1)–(3) are always satisfied if the Ricci curvature of M is bounded from below (cf. also the
discussion in [1, Section 1.3]) and hence, these conditions are fulfilled if M is a locally symmetric
space.
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vature is bounded from below, and assume that there is a constant a > 0 with
σ() ⊂ {0} ∪ [a,∞).
Then there exist for any p ∈ (1,∞) constants cp,Cp > 0 such that
cp
∥∥1/2f ∥∥
Lp
 ‖|∇f |‖Lp  Cp
∥∥1/2f ∥∥
Lp
(5)
holds for any f ∈ C∞0 (M).
While Mandouvalos and Marias in [13] proved boundedness of the Lp Riesz transform only
for p ∈ (p1,p2) with certain 1 < p1 < 2 < p2 < ∞, we allow here p ∈ (1,∞). A standing
assumption in the paper [13] is that the L2 spectrum of the Laplacian on a non-compact locally
symmetric space M = Γ \X is of the form {λ0, . . . , λr} ∪ [‖ρ‖2,∞), where λi < ‖ρ‖2, i =
0, . . . , r , are eigenvalues of finite multiplicity and ρ denotes half the sum of the positive roots.
Note that this assumption needs not be satisfied for all non-compact locally symmetric spaces.
If e.g. the universal covering X is a higher rank symmetric space, the absolutely continuous part
of the L2 spectrum of a non-compact finite volume quotient M = Γ \X is in many cases of the
form [a,∞) where 0 < a < ‖ρ‖2 [10]. However, it is known that the above cited condition from
[13] holds true for all non-compact, geometrically finite hyperbolic manifolds Γ \Hn [11].
In a first step towards a proof of the boundedness of the Riesz transform the authors show in
[13] that any L2 eigenfunction ϕλi with respect to some eigenvalue λi < ‖ρ‖2 is contained in
Lp(M) for p in an interval (p1,p2) where
p1 = 2
(
1 +
(
1 − λi‖ρ‖2
)1/2)−1
, p2 = 2
(
1 +
(
1 − λi‖ρ‖2
)1/2)
,
cf. [13, Theorem 1]. Note that the authors use λr instead of λi  λr in the statement of their
result. The proof however shows, that p1 and p2 from above can be used. Note further, that
p′1  p2, where p′1 denotes the conjugate of p1, i.e. 1p1 + 1p′1 = 1. In the proof of this result the
authors state that the volume of balls grows exponentially (formula 2.11) with respect to the ra-
dius. Unfortunately, this assumption is often not satisfied if M is a locally symmetric space with
non-trivial fundamental group. In the case of finite volume it is certainly false. And even if the
volume is infinite the volume growth may be linear (the following example was communicated
to us by Richard D. Canary): if M is a compact hyperbolic 3-manifold that fibers over the circle
we may ‘unwrap’ this manifold along the circle such that only the fundamental group coming
from the fibers survives. The resulting hyperbolic manifold M˜ is a covering of M that has an in-
finite cyclic subgroup of isometries with compact quotient and hence linear volume growth. The
existence of hyperbolic 3-manifolds that fiber over the circle follows from Thurston’s work in
[19] and, of course, from Perelman’s proof of Thurston’s geometrization conjecture using Ricci
flow. However, a detailed look at the proof of [13, Theorem 1] shows that only an exponential
upper bound on the volume growth is needed and this condition is always satisfied for complete
locally symmetric spaces M .
In our proof of the boundedness of the Riesz transform we do not need to make any of the
above assumptions and we will not need specific information about the L2 eigenfunctions. Nev-
ertheless, we want to mention briefly that in some cases it is possible to enlarge the interval
(p1,p2): If M is a locally symmetric space with Q-rank one it had been shown in [10, Theo-
rem 4.1] that p1 = 1 and p2 = 2(1 + (1 − λi 2 )1/2)−1 can be chosen.‖ρP‖
40 L. Ji et al. / Bull. Sci. math. 134 (2010) 37–43If the injectivity radius of M is strictly positive, it follows immediately from Taylor’s work
on the Lp spectrum of the Laplacian [17, Proposition 3.3] that the interval can be enlarged to the
right-hand side, more precisely, we can choose p2 = p′1 = 2(1 − (1 − λi‖ρ‖2 )1/2)−1. Note that the
condition on the injectivity radius implies in particular that M has infinite volume.
2. Proof and examples
The following theorem due to Auscher, Coulhon, Duong, and Hofmann is a main ingredient
in our proof of Theorem 1.1.
Theorem 2.1. (See [1, Theorem 1.7].) Let M denote a complete Riemannian manifold satisfying
the properties (1)–(3), and let p ∈ (1,∞). Then there exists a constant Cp > 0 such that the
inequality
‖|∇f |‖Lp + ‖f ‖Lp  Cp
(∥∥1/2f ∥∥
Lp
+ ‖f ‖Lp
)
holds for all f ∈ C∞0 (M).
The following lemma can basically be found in the proof of [7, Theorem 1.3]. For the sake of
completeness and because we need a variant of the argument below, we recall its short proof.
Lemma 2.2. Assume that 0 /∈ σ(). Then for any α ∈ (0,1) the operator −α defines a bounded
operator on Lp(M), p ∈ (1,∞).
Proof. Since  is a self-adjoint operator on L2(M) and σ() ⊂ [a,∞) for some a > 0 it follows
from the spectral theorem ‖e−t‖L2→L2  e−at . Furthermore, the semigroup e−t : L2(M) →
L2(M) is positive and L∞(M) contractive. Hence, this semigroup extends to a strongly contin-
uous contraction semigroup e−t : Lp(M) → Lp(M) for any p ∈ [1,∞). By interpolation and
duality it follows that for any p ∈ [1,∞) we have ‖e−t‖Lp→Lp  e−2 min{1/p,1/p′}at and hence,
the integral
−α = 1
Γ (α)
∞∫
0
t1−αe−t dt
defines for all α ∈ (0,1) a bounded operator on Lp(M), p ∈ (1,∞). 
Before we proceed with the proof of Theorem 1.1, we recall the following general result
that has been proved in [15]. Note that we denote by −p the generator of the heat semigroup
Tp(t) = e−t on Lp(M).
Lemma 2.3. For any 1 < p < ∞ and any complete Riemannian manifold M , the space C∞0 (M)
is a core for the operator p in Lp(M), i.e. C∞0 (M) is dense inD(p) with respect to the graph
norm. In particular, C∞0 (M) is a core for the operator 1/2p .
Proof. Letting Lp denote the Lp(M) closure of , defined on C∞0 (M), it is shown in [15],
beginning of the proof of Theorem 3.5, that −Lp is dissipative and generates a contrac-
tion semigroup in Lp(M). This semigroup coincides with the heat semigroup, which implies
Lp = p . 
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implied by the second and hence we will concentrate on the second.
The case 0 /∈ σ() was already proved in [1, Theorem 1.9] (cf. also [7, Theorem 1.3]): By
Lemma 2.2 the inverse square root −1/2 defines a bounded operator on Lp(M) for any p ∈
(1,∞) and hence, the claim follows from Theorem 2.1 together with ‖f ‖Lp  C‖1/2f ‖Lp for
f ∈ C∞0 (M).
Assume now 0 ∈ σ(). Then 0 is an isolated point in the spectrum of a self-adjoint opera-
tor and hence an eigenvalue. If f ∈ L2(M) is a corresponding eigenfunction we may conclude
that f = const. as 0 = 〈f,f 〉 = 〈∇f,∇f 〉 and thus vol(M) < ∞. From Hölder’s inequality it
follows in particular Lp(M) ↪→ Lq(M) if 1 q  p ∞.
Let us define for p ∈ [1,∞),
L
p
0 (M) =
{
f ∈ Lp(M): 〈1, f 〉 =
∫
M
f dx = 0
}
.
Then Lp0 (M) is an invariant subspace for the semigroup Tp(t) = e−t : Lp(M) → Lp(M)
and Lp(M) = Lp0 (M) ⊕ span{1}. Furthermore, if we denote by −0 the generator of
e−t :L20(M) → L20(M) we have 0 = |D(2)∩L20(M). As σ(0) ⊂ [a,∞) for some a > 0
we can prove as in Lemma 2.2 that −α0 is bounded on L
p
0 (M) for all α ∈ (0,1) and p ∈ (1,∞).
Note that we need here to assure that the spaces Lp0 (M), p ∈ [1,∞), interpolate correctly, i.e.
[Lp10 (M),Lp20 (M)]θ = Lpθ0 (M) (see [20]), where 1pθ = 1−θp1 + θp2 . This however follows from
the fact that
P : Lp(M) → Lp(M), f → f − 1
vol(M)
∫
M
f dx
is a continuous projection onto Lp0 (M) together with [20, 1.2.4]. If M is compact then inequal-
ity (4) follows from Theorem 2.1 since Pf ∈ C∞0 (M) ∩ Lp0 (M) and (4) holds for the constant
function g := f − Pf .
If M is non-compact but of finite volume then Pf ∈ C∞0 (M) is no longer true in general.
But by Lemma 2.3, Theorem 2.1 holds by approximation for all g ∈ D(1/2p ) with the same
constant. In particular, it holds for all g ∈ C∞0 (M) + span{1}. Now we can finish the proof as in
the compact case since f ∈ C∞0 (M) implies Pf ∈ (C∞0 (M) + span{1})∩ Lp0 (M). 
Examples
The conditions in Theorem 1.1 are satisfied for the following manifolds.
Compact manifolds. If M is compact, its L2 spectrum is discrete and 0 ∈ σ().
Locally symmetric spaces. Let M = Γ \G/K denote a locally symmetric space whose univer-
sal covering is a symmetric space of non-compact type.
If the critical exponent δ(Γ ) satisfies δ(Γ ) < 2‖ρ‖ (ρ denotes half the sum of the positive
roots) then the bottom of the L2 spectrum is bounded from below by a strictly positive constant
[12,21]. Note that in this case vol(M) = ∞.
If M is non-compact with finite volume, the L2 spectrum equals σ() = {0, λ1, . . . , λr} ∪
[b,∞) for some b > 0, see e.g. Müller’s article in [18].
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where Γ is geometrically finite. Then, in the case of finite and infinite volume of M , the L2
spectrum is of the form {λ1, . . . , λr} ∪ [ (n−1)24 ,∞), cf. [11].
Manifolds with cusps of rank one. These non-compact manifolds with finite volume satisfy
also the condition σ() = {0, λ1, . . . , λr} ∪ [b,∞) for some b > 0, cf. [14].
Homogeneous spaces. Consider M = Γ \G where G is a semisimple Lie group endowed with
an invariant metric and Γ ⊂ G is a non-uniform arithmetic lattice in G. Then, the spectrum
equals σ() = {0, λ1, . . . , λr} ∪ [b,∞) for some b > 0, cf. [4].
Note that the continuous L2 spectrum of the Laplacian on a complete Riemannian manifold is
invariant under compact perturbations of the Riemannian metric. This follows from the so-called
decomposition principle in [8]. Hence, the spectral gap condition in the above mentioned cases
is still satisfied after compact perturbations.
Is zero in the spectrum? This question was raised in various contexts. Let us recall the following
results which immediately give further examples.
Theorem 2.4. (See [6].) Let M have infinite volume. Suppose that there is a constant κ  0 such
that RicciM −κ2. Then 0 /∈ σ() if and only if M is open at infinity.
Recall that a manifold with infinite volume is called open at infinity if and only if the Cheeger
constant is strictly positive.
Theorem 2.5. (See [5].) Let X be a normal covering of a compact manifold M with covering
group Γ . Then 0 ∈ σ() if and only if Γ is amenable.
Theorem 2.6. (See [16] or [9].) Let M denote a Riemannian manifold with Ricci curvature
bounded from below and with empty cut locus. If there is a point x0 ∈ M such that the volume
form √g(x0, ζ ) of the Riemannian metric grows exponentially in every direction (with respect to
geodesic normal coordinates (x, ζ )), the bottom of the L2 spectrum is strictly positive.
Acknowledgements
We want to thank Michel Marias for valuable remarks on a first version of this paper. We also
want to thank the referee for many suggestions which led to a great improvement of this paper.
Lizhen Ji was partially supported by NSF grant DMS 0604878.
References
[1] Pascal Auscher, Thierry Coulhon, Xuan Thinh Duong, Steve Hofmann, Riesz transform on manifolds and heat
kernel regularity, Ann. Sci. École Norm. Sup. (4) 37 (6) (2004) 911–957. MR2119242.
[2] Dominique Bakry, Transformations de Riesz pour les semi-groupes symétriques, in: Séminaire de probabilités,
XIX, 1983/84, in: Lecture Notes in Math., vol. 1123, Springer, Berlin, 1985, pp. 130–175. MR889472.
[3] Dominique Bakry, The Riesz transforms associated with second order differential operators, in: Seminar on Stochas-
tic Processes, Gainesville, FL, 1988, in: Progr. Probab., vol. 17, Birkhäuser Boston, Boston, MA, 1989, pp. 1–43.
MR990472.
L. Ji et al. / Bull. Sci. math. 134 (2010) 37–43 43[4] Armand Borel, Howard Garland, Laplacian and the discrete spectrum of an arithmetic group, Amer. J. Math. 105 (2)
(1983) 309–335. MR701563.
[5] Robert Brooks, The fundamental group and the spectrum of the Laplacian, Comment. Math. Helv. 56 (4) (1981)
581–598. MR656213.
[6] Peter Buser, A note on the isoperimetric constant, Ann. Sci. École Norm. Sup. (4) 15 (2) (1982) 213–230.
MR683635.
[7] Thierry Coulhon, Xuan Thinh Duong, Riesz transforms for 1  p  2, Trans. Amer. Math. Soc. 351 (3) (1999)
1151–1169. MR1458299.
[8] Harold Donnelly, Peter Li, Pure point spectrum and negative curvature for noncompact manifolds, Duke Math.
J. 46 (3) (1979) 497–503. MR544241.
[9] Peter G. Doyle, On the bass note of a Schottky group, Acta Math. 160 (3–4) (1988) 249–284. MR945013.
[10] Lizhen Ji, Andreas Weber, Pointwise bounds for L2 eigenfunctions on locally symmetric spaces, Ann. Global Anal.
Geom. 34 (4) (2008) 387–401. MR2447907.
[11] Peter D. Lax, Ralph S. Phillips, The asymptotic distribution of lattice points in Euclidean and non-Euclidean spaces,
J. Funct. Anal. 46 (3) (1982) 280–350. MR661875.
[12] Enrico Leuzinger, Critical exponents of discrete groups and L2-spectrum, Proc. Amer. Math. Soc. 132 (3) (2004)
919–927 (electronic). MR2019974.
[13] Nikolaos Mandouvalos, Michel Marias, Spectrum of the Laplacian and Riesz transform on locally symmetric
spaces, Bull. Sci. Math. 133 (2) (2009) 134–144.
[14] Werner Müller, Manifolds with Cusps of Rank One, Spectral Theory and L2-Index Theorem, Lecture Notes in
Math., vol. 1244, Springer, Berlin, 1987. MR891654.
[15] Robert S. Strichartz, Analysis of the Laplacian on the complete Riemannian manifold, J. Funct. Anal. 52 (1) (1983)
48–79. MR705991.
[16] Karl-Theodor Sturm, On the Lp-spectrum of uniformly elliptic operators on Riemannian manifolds, J. Funct.
Anal. 118 (2) (1993) 442–453. MR1250269.
[17] Michael E. Taylor, Lp-estimates on functions of the Laplace operator, Duke Math. J. 58 (3) (1989) 773–793.
MR1016445.
[18] Katrin Tent (Ed.), Groups and Analysis – the Legacy of Hermann Weyl, vol. 354, Cambridge University Press,
2008.
[19] William P. Thurston, Hyperbolic structures on 3-manifolds, II: Surface groups and 3-manifolds which fiber over the
circle, arXiv:math/9801045v1.
[20] Hans Triebel, Interpolation Theory, Function Spaces, Differential Operators, second ed., Johann Ambrosius Barth,
Heidelberg, 1995. MR1328645.
[21] Andreas Weber, Heat kernel bounds, Poincaré series, and L2 spectrum for locally symmetric spaces, Bull. Austral.
Math. Soc. 78 (2008) 73–86.
